Hamming graphs and dual polar graphs have strongly closed completely regular codes. In this paper, we study parallelogram-free distance-regular graphs having strongly closed completely regular codes. Let be a parallelogram-free distanceregular graph of diameter d ≥ 4 such that every strongly closed subgraph of diameter two is completely regular. We show that has a strongly closed subgraph of diameter d − 1 isomorphic to a Hamming graph or a dual polar graph. Moreover if the covering radius of the strongly closed subgraph of diameter two is d − 2, itself is isomorphic to a Hamming graph or a dual polar graph. We also give an algebraic characterization of the case when the covering radius is d − 2.
Introduction
The study of completely regular codes in a distance-regular graph has a long history [3, 5] . Most of the completely regular codes studied are those with large minimum distance because of the requirements to apply the theory to error-correcting codes. Recently Brouwer et al. [2] studied a special class of completely regular codes in a Q-polynomial distance-regular graph satisfying extremal conditions from a different point of view. Let us call these codes extremal. These extremal codes afford induced structure of a Q-polynomial distance-regular graph and hence they are necessarily connected as a graph or minimum distance one. Independently, we studied the Terwilliger algebra with respect to a subset in [9] . The thin condition of the principal module of this Terwilliger algebra is equivalent to the complete regularity of the base subset. We also gave a sufficient condition, called tight, that the module generated by an end-point-zero vector is thin. In the case of the principal module, if the subset is extremal, then it is tight.
In a recent paper [10] , H. Tanaka classified all extremal completely regular codes in certain classical association schemes. For example if the underlying graph is a dual polar graph, then extremal codes are strongly closed. In the literature, one also finds weak-geodesically closed used in place of strongly closed.
In this paper, we study a converse, i.e., we classify parallelogram-free distanceregular graphs having strongly closed completely regular codes. To state our results, we make a few definitions. For notation, terminology and the general theory of distance-regular graphs, we refer the reader to [1] . Let = (X, R) be a connected graph of diameter d with vertex set X and edge set R. For vertices x and y, ∂(x, y) denotes the distance between x and y, i.e., the length of a shortest path connecting x and y. More generally, for each x ∈ X and a subset S ⊂ X we write ∂(x, S) = min{∂(x, s) | s ∈ S}.
For a vertex u ∈ X and j ∈ {0, 1, . . . , d}, let j (u) = {x ∈ X | ∂(u, x) = j } and (u) = 1 (u).
A subset Y of X is said to be completely regular, or a completely regular code, if the following numbers For two vertices u and v ∈ X with ∂(u, v) = j , let
, and 
In this case Y is also called a strongly closed subgraph. For two vertices x and y, x, y denotes the smallest strongly closed subgraph containing x and y. Note that since the intersection of two strongly closed subgraphs is strongly closed and itself is a strongly closed subgraph containing x and y, x, y always exists. A parallelogram of length i is a 4-tuple xyzw consisting of vertices of such that
A parallelogram of length 2 is isomorphic to K 2,1,1 . If a distance-regular graph does not have a parallelogram of length 2, then it is said to have order (s, t) for some positive integers s and t, as every edge is contained in a maximal clique of constant size s + 1, and every vertex is contained in exactly t + 1 maximal cliques. In particular, the valency k = s(t + 1) and the neighborhood (x) of each vertex x is isomorphic to a disjoint union of t + 1 cliques of size s. If c 2 = 1, then is of order (s, t) for some positive integers s and t. If a 1 = 0 then is of order (1, k − 1).
A distance-regular graph = (X, R) of diameter d is said to be a regular near polygon if it is of order (s, t) for some integers s and t, and for every maximal clique L and a vertex x ∈ X with ∂(x, L) = i < d, | i (x) ∩ L| = 1. A regular near polygon having the property that no maximal clique is contained in d (x) for any x ∈ X is called a regular near 2d-gon. A regular near 4-gon is called a generalized quadrangle. A regular near polygon is often defined as an incidence structure, and in that case our regular near polygon is called the collinearity graph of a regular near polygon, or the point graph of it. See [1, Section 6.4] .
If a graph does not contain parallelograms of any length, it is called parallelogram free. A regular near polygon is parallelogram free, and the parallelogram-free condition is closely related to the existence of strongly closed subgraphs. See Theorem 2.2.
Throughout this paper by strongly regular graphs we mean distance-regular graphs of diameter two, hence connected. Now we state our main results. When q = 1 and d ≥ 4, we can prove that itself is isomorphic to a Hamming graph without assuming that the covering radius is d − 2 by [6, 11] . See the last section.
We have the following characterization of the case that a strongly regular subgraph is completely regular with covering radius d − 2. 
Then for any vertices x, y ∈ X with ∂(x, y) ≤ m, the diameter of the strongly closed subgraph x, y is ∂(x, y). In particular, if a 2 = 0, then for any vertices x, y ∈ X with ∂(x, y) = 2, there is a strongly closed subgraph of diameter 2 containing x and y. 
Terwilliger algebras and completely regular codes
Let = (X, R) be a connected graph of diameter d and C a subset of X with width w = w(C) and covering radius t = t (C).
Let V = C X = Span(x | x ∈ X) be a vector space over the complex number field consisting of the set of column vectors with rows indexed by the elements of X, and x denotes the unit vector whose x-entry is 1 and 0 otherwise.
be the i-th adjacency matrix defined by
We call A = A 1 the adjacency matrix of .
The matrix E * i induces the projection onto the subspace E * i V = Span(x | x ∈ C i ).
Definition 3.1 The Terwilliger algebra T = T (C) of a connected graph = (X, R)
associated with a subset C of X is a matrix subalgebra over C of Mat X (C) generated by A together with
Definition 3.2 Let = (X, R) be a connected graph, and C a nonempty subset of
Note that if is a distance-regular graph, the definition of complete regularity in the introduction coincides with the one given above. The proof is straightforward. See [9, Proposition 7.2] and [5] . Let = (X, R) be a connected graph. Then it is immediate that is distanceregular if and only if it is regular and every singleton {x} with x ∈ X is completely regular. It is not difficult to show that if is distance-regular of diameter d, then every edge {x, y} with x, y ∈ X is completely regular if and only if a 1 = a 2 = · · · = a d−1 = 0, i.e., is almost bipartite or bipartite. 
Thin Irreducible Modules. Let = (X, R) be a distance-regular graph of valency k and diameter d. Let A i be the i-th adjacency matrix and
Let C be a nonempty subset of X and T = T (C). We consider an irreducible T -module W such that E * 0 W = 0, which is called a module of endpoint 0.
We review some facts proved in [9] . Let v = E * 0 v be a nonzero vector. Set
The following is called the inner distribution of the vector v.
By definition, if w = w(C) is the width of C, then the degree of ρ v (λ) is at most w. On the other hand by direct computation we have 
A nonzero vector v ∈ E * 0 V satisfying the condition in Theorem 3.1 (ii) is called a tight vector. When E * 0 V is spanned by tight vectors, we call C a tight code. The case that v is the characteristic vector 1 C of C is also studied in [2] . See also [4] . [7] .
Let x, y ∈ C such that ∂(x, y) = . Since the maximal valency of Y is less than k,
Suppose not. Then ∂(z, C) = 1 and the following hold. 
Lemma 4.3 Let = (X, R) be a distance-regular graph of diameter d. Let 1 ≤ m ≤ d − 1 be an integer. Suppose for u, v ∈ X with ∂(u, v) = m, there is a strongly closed subgraph C of diameter m containing u and v and C is completely regular. Then the parameters π i,j of C are determined by m and the parameters of .
Proof Since C is strongly closed in , the parameters of C and hence the inner distribution of C is determined by the parameters of and m. Now the assertion follows from [9, Corollary 10.3].
Completely regular strongly regular subgraphs
In this section, we study parallelogram-free distance-regular graphs having completely regular strongly regular subgraphs. The goal is to establish the following result. 
and is a regular near 2d-gon.
We first remark that under the hypothesis of Theorem 5.1, for two vertices x, y with ∂(x, y) = 2, there is a strongly closed subgraph x, y of diameter 2 containing x and y by Theorem 2.2. 
is of order (s, t).

Lemma 5.2 Under Hypothesis 5.1, for every
i ≤ d − 2 and u ∈ X with ∂(u, C) = i, γ i = γ i (u) = |C ∩ i (u)| = 1, α i = α i (u) = |C ∩ i+1 (u)| = κ = a 2 + c 2
. In particular, the covering radius of C is at least d − 2 and the parameters γ i and α i of C as a completely regular code do not depend on the choice of strongly closed subgraphs of diameter 2 up to
Proof Let x, y ∈ C with ∂(x, y) = 2. Since i ≤ d − 2, there is a vertex u ∈ i (x) ∩ i+2 (y). Then by Lemma 2.3, we have the desired conclusion. Since C is completely regular, this is the case for all u ∈ X with ∂(u, C) = i.
Lemma 5.3 Under Hypothesis 5.1, C is a generalized quadrangle. In particular
Proof Since is parallelogram free and C is strongly closed, C is of order (s, τ ) for some integer τ . Let u ∈ C. Suppose that there are adjacent vertices v, w 
The first case does not occur as otherwise ∂(x, w) = 1 by Lemma 5.2. Suppose ∂(u, C) = i − 2. By Lemma 5.3, we have a contradiction as we assumed that i+1 (u) ∩ L = ∅. This part also proves that if the covering radius of 
Moreover, if every strongly closed subgraph C of diameter 2 is of covering radius u, v) . We count the number of pairs in the following set. 
Tight completely regular codes of small width
In this section, we consider the case that a subset C of small width w ≤ 2 becomes a completely regular code with smallest covering radius d − w or 1 C is tight that satisfies the condition in Corollary 3.2.
Lemma 6.1 Let C be a subset of a distance-regular graph
Then the following hold. (i) Suppose C is a maximal clique of size s + 1. Then
(ii) Suppose C is strongly regular and strongly closed. In addition assume that c 2 + a 2 = (q + 1)s with q = c 2 − 1, i.e., C is a generalized quadrangle. Then
. (i)⇒(ii): Since the diameter of C is two, it is weakly closed. Hence by Corollary 4.2, C is strongly closed.
( (iii)⇒(iv): We need to show that the induced subgraph on C is a generalized quadrangle. This follows from Lemma 5.3.
(v)⇒(iv): Since has an eigenvalue −t − 1, every maximal clique of size s + 1 is a completely regular code with covering radius d − 1. Let C be a strongly closed subgraph of diameter 2. Then every maximal clique of size s + 1 contained in C is completely regular with covering radius 1. Since C is of order (s, τ ) with a suitable choice of an integer τ , C is a generalized quadrangle. In particular q = 0 as a 2 = 0. Note that if Y is a maximal clique and
Hence ρ C is as in Corollary 6.2 and ρ C has two eigenvalues −t − 1 and s − t/q as roots. Therefore, C is completely regular with covering radius d − 2.
(iv)⇒(vi): This is a direct consequence of Proposition 6.3 and Theorem 1.1.
Remarks
For the case q = 1, the following two propositions cover most of our results. We only sketch their proofs. The results in this paper also suggest problems to characterize distance-regular graphs by a given completely regular subgraph. Since d (x) is always completely regular, this problem is connected to the problem to characterize distance-regular graphs by the structure of d (x). We close this paper by giving a possible improvement of the result of this paper.
Replace the hypothesis 'parallelogram-free' in Theorem 5.1 and Corollary 5.1 by the following:
is of order (s, t) and every maximal clique is completely regular.
